The isothermal full Gibbs function which is negative definite and the adiabatic internal energy which is positive definite are used to develop a linear fracture theory for isothermal and adiabatic cracking in a piezoelectric material, respectively. Both the full Gibbs function release rate and the internal energy release rate for crack propagation are evaluated and revealed to be positive functions of crack lengths and remote loads, even under pure electric loads only. When the electric permittivity inside the crack is treated as zero, each of the full Gibbs function release rate and the internal energy release rate has a compact form in terms of the mode II, I, Ill stress and electric displacement intensity factors.
INTRODUCTION
Due to their intrinsic electro-mechanical coupling behavior, piezoelectric materials have been widely used in technology as sensors, transducers and actuators. The mechanical reliability of these materials becomes increasingly important as they are used in more and more sophisticated areas. Therefore, there has been tremendous interest in studying the fracture mechanics of piezoelectric materials117. However, there is stifi confusion regarding the appropriate thermodynamic functions to be used to analyze the isothermal and adiabatic fracture processes. The electric enthalpy was used in previous analytic work5'8, in order to maintain strains and electric field strengths as independent variables. Since the electric enthalpy is not positive defmite, it may lead to a negative energy release rate, especially, the energy release rate is always negative under pure electric loading. To solve this problem, Park and Sun16 proposed that only the mechanical strain energy release rate should be used as a fracture criteria. From energy conservation point of view, however, the total energy in a domain containing a sample and its loading system must be conservative. For a reversible processing, i.e., for a Griffith crack, the surface energy of the new surfaces created during fracture must equal to the released total energy including both the mechanical and the electric energies. Our previous works9'17 have indicated that the total energy release rate is determined by the effective applied stress if the internal energy is used and the electric field inside a slit crack is considered. The crack width and length also have great effects on the energy release rate14'17. Recently, Zhang and Tong18, and Zhang19 have used the full Gibbs function and the internal energy to systematically study isothermal and adiabatic cracking, respectively. Adiabatic cracking means during cracking there is no thermal exchange between the domain of interest and its surrounding, which is a good approximation for fast cracking. For a slow fracture processing, thermal flow occurs between the domain and its surrounding. If the cracking is extremely slow, the systems wifi remain at a constant temperature, and hence the fracture processing is isothermal. In the present paper, we reviewed our previous work9"4'15'17'18'19 for isothermal and adiabatic cracking in piezoelectric materials.
ISOTHERMAL CRACKING
Following Parton and Kudryavtsev3, the full Gibbs function per unit volume, g is defined as
g=u-e---E1D-Ts, (1) for which dg = -cd -D1dE1 -sdT, (2) where U. and s are the internal energy and entropy per unit volume, respectively; T is the absolute temperature; E and D are the electric field strength and electric displacement vectors, respectively; and , and c are the components of stress and strain tensors, respectively. At a constant temperature, Eq. (2) reduces to
The independent variables in Eq. (3) are the stresses and the electric field strengths. The constitutive equations are given by
Cg SET + dk7Ek R = dki KTEk (4) where are the isothermal elastic compliancies at a constant electric field strength; icT are the isothermal dielectric permittivities at a constant stress; d are the isothermal piezoelectric moduli. There is a relation between the isothermal piezoelectric moduli d and isothermal piezoelectric constants e.:
where c( are the isothermal elastic constants at a constant electric field strength. The full Gibbs function per unit volume at a constant temperature can be evaluated from Eqs. 
Eq. (6) shows that the full Gibbs function density can be apparently divided into two terms: mechanical one and electrical one. It was proved that the full Gibbs function density is negatively defined18.
The governing equations are given by:
with boundary conditions
where u is a component of the displacement vector, is the electric potential, q is the density of free charge on the surface between the two media, t is the traction along the boundary, and n is the unit vector normal to the boundary.
For an isothermal process, the statement of the total virtual work for the entire domain, IT, takes the following form15
where l' denotes the boundary of the domain.
Consider a pre-cracked piezoelectric sample. Following Ric&s treatment2° of elastic fracture mechanics, we define an isothermal potential energy P as P$(ujtj_Dj4nj)dF+Jgdfl, (10) and the J-integral as J=,
3A
where A is the area of crack surface. Like the full Gibbs function, both the potential energy and the Jintegral can be apparently divided into two parts, the mechanical and the electric, as follows:
J=J7n+Je, (13) It should be pointed out that the piezoelectricity couples the mechanical and electric fields. This means that the mechanical field is caused by both mechanical and electric loads, as is the electric field.
During experiments, the generalized displacement, , force, F, charge, Q, and voltage,V, should be monitored to measure the isothermal J-integral. The magnitude of the full Gibbs function of a piezoelectric sample under mechanical and electric loads is the sum of the area under the generalized displacement-force curve and that under the charge-voltage curve. Pm equals the area between the displacement-force curve and the displacement axis and e equals the area between the charge-voltage curve and the charge axis. Using multi-samples with identical geometry but different crack lengths, the J-integral can be measured experimentally. Take two sampies as an example. One sample has a crack length a and the other has a crack length a+Aa. (14) where B is the sample thickness. Although the A-F and Q-V curves are drawn in a linear manner in Fig. lad , the method proposed here should hold for nonlinear cases. 
ADIABATIC CRACKING
The total differential of the internal energy per unit volume, u, is3 du = ,dc + E1dD1 + Tds.
For an adiabatic process, there is no heat flow, and thus Eq. (15) reduces to du=Y,dc+E1dD1 where are the adiabatic elastic moduli at constant electric displacements; are the adiabatic dielectric permittivities at constant strains; and hk are the adiabatic piezoelectric moduli. The internal energy per unit volume for an adiabatic process can be evaluated from Eqs. (16) and (17) . It is given by Apparently, the internal energy density can be divided into two parts: mechanical and electrical. It was proven also that the internal energy density is positively defmed19. Integrating the internal energy density over the entire domain yields the internal energy which, of course, has a positive value.
For an adiabatic process, the statement of the total virtual work for the entire domain, H, takes the following form: (19) The adiabatic potential energy P for a pre-cracked sample is defined as P = J(tu1 -D1i;)dF -$ u dfl . (20) Similarly, the potential energy can be apparently divided into two parts, the mechanical and the electric, as follows: P = j:
The J-integral can also be apparently divided into the mechanical and the electric parts as given by Eq. (13).
It should be pointed out again that the piezoelectricity couples the mechanical and electric fields. This means that the mechanical field is caused by both mechanical and electric loads, as is the electric field.
The value of the internal energy of a piezoelectric sample under mechanical and electric loads is the sum of the area under the generalized force-displacement curve and that under the voltage-charge curve. equals the area between the force-displacement curve and the force axis and e equals the area between the voltage-charge curve and the voltage axis. Using multi-samples with identical geometry but different crack lengths, the adiabatic J-integral can be measured experimentally. Two samples are taken to demonstrate this method. One sample has a crack length a and the other has a crack length a + Aa. Figures 2a-d show and AF. Then the adiabatic J-integral is approximately determined using Eq. (14). As stated above for the isothermal cracking, the method proposed here for the adiabatic cracking should also hold for nonlinear cases. 
THE FULL GIBBS FUNCTION ENERGY RELEASE RATE FOR ISOTHERMAL CRACK PROPAGATION
The anisotropic stress and electric fields can be determined by solving a standard eigen-equation '8"9 (A Na = PaL' with = ILJ (22) where N is a 8x8 matrix depended on materials constants and sample orientation, p and are, respectively, the eigen-value and eigen-vector. Moreover, the matrix B, (B B\ 
If the dielectric constant inside the crack is treated as zero, then, the full Gibbs function release rate for isothermal crack propagation can be explicitly expressed in terms of the mode II, I and III stress and where N is the force in Newtons, C denotes the charge in Coulombs, and F stands for the capacitance in Farad. Since the open mode fracture is most of interest and danger, we just calculate the full Gibbs energy release rate for a mode I crack where only the mechanical and electric loadings along the x2 direction are considered.
First, the crack tip opening has to be considered because an electric field may cause the crack close for a mode I crack. In that case, the traction-free boundary condition is violated and, consequently, whole analysis collapses. When only 22, and E2. are applied, most experiments are conducted in this way, the crack tip opening in the x direction is given by where C1 is reciprocal tensor of the isothermal elastic tensor, r is the distance behind the crack tip, and a is the half crack length. For simplicity, a crack with a half crack length a=lcm is used in following calculations. Fig. 3 shows the crack tip opening region and closing region. Without any applied stress of a positive electric field strength opens the crack, but a negative electric field strength closes it. If a positive electric field is higher enough, the crack still opens under a compressive load. On the other hand, the crack closes under a tensile load when a large negative electric field strength is applied. When electric field strength. For the given field strength of -1 ,000 V/cm, the crack closes when the applied tensile stress is smaller than 1. 1 MPa. The transition point is marked by the solid circle. Fig.4 shows the full Gibbs energy release rate as a function of the remote applied stress, 22, with a given remote applied electric field strength of E2, . The full Gibbs energy release rate is always positive, as shown in Fig.4 , with or without the applied electric fields. Without the applied electric field, the full Gibbs energy release rate is directly proportional to the square of the applied stress, as in a pure elastic body. A positive applied electric field increases the full Gibbs energy release rate. For a given negative applied electric field strength of E2,. = -1,000 V / cm , the crack remains closed until 22, reaches 1 . 1 MPa.
When the applied stress is higher than 1. 1 MPa but smaller than 1.9 MPa, the full Gibbs energy release rate with the negative electric field strength is higher than that without it. The reason is the contribution from the electric field to the full Gibbs energy release rate is larger than the mechanical counterpart. When the applied stress is higher than 1.9 MPa, the full Gibbs energy release rate with the negative electric field is lower than that without it, as illustrated in Fig.4 . This is because the mechanical field dominates in this region and the coupling term between the mechanical and electric fields is negative, reducing the full Gibbs energy release rate.
The variation of the full Gibbs energy release rate with the applied electric field is shown in Fig.5 . Without considering the crack closing, all curves of the full Gibbs energy release rate versus the applied electric field strength are concave and positive even without mechanical loading, which is consistent with the previous work on mode III cracks9"7. However, the curves of the energy release rate versus the electric SPIEVo!. 2715/355 calculating the full Gibbs energy release rate, we have to make sure that the crack opening condition is stifi holding. 6 indicates that for a given full Gibbs energy release rate, the remote applied stress decreases with increasing electric field strength. The crack opening condition is satisfied for all the three curves. As can be seen in Fig. 6 , in order to reach a certain level of driving force for crack propagation, a higher stress is required if the applied electric field strength is negative; the opposite is also true that a positive electric field reduces the applied stress. The results agree, at least quantitatively, with the experimental observations16.
if the dielectric constant inside the crack is not treated as zero, we may consider a piezoelectric sample as a capacitor. Its capacitance depends, to a large extend, on the crack width. As long as the crack width is assumed to be zero, the capacitance remains the same with or without a crack. That means a pure 356 ISPIE Vol. 2715 electric load wifi not provide any driving force for crack propagation. The size effects have been simply discussed in a previous note14. A real crack actually has a fmite width and a fmite crack opening which depends on the geometry of the sample, the material properties and the loading conditions. Therefore the size effects could be very complicated and will be comprehensively studied later.
THE INTERNAL ENERGY RELEASE RATE FOR ADIABATIC CRACK PROPAGATION
The difference of the fracture mechanics for adiabatic cracking from that for isothermal cracking exists in materials properties, while the formulas have the similar forms'8"9. The materials properties for isothennal and adiabatic cracking are already introduced, respectively, in sections 2 and 3. Assuming all the material properties are constant, we have the following correlation between the isothermal and adiabatic properties:
where 24 are the temperature stress coefficients at constant electric field strengths; p are the pyroelectric coefficients which determine the temperature dependence of the electric displacement; c is the specific heat at constant strains and electric field strengths; and p is the mass density of the material. Since the formulas for adiabatic cracking look the same as that for isothermal cracking, the equations given in section 4 for isothermal cracking can, in general, be used for adiabatic cracking. It should be kept in mind that the difference in materials properties may or may not change fracture behavior, which should be treated carefully for each individual piezoelectric material. The details were reported in References [18] and [19] , respectively, for isothermal and adiabatic cracking.
CONCLUDING REMARKS
The present work used the full Gibbs energy and the internal energy to develop a linear fracture mechanics theory for isothermal cracking and adiabatic cracking in piezoelectric materials. The full Gibbs function is negative definite and the internal energy is positive definite, each of which leads to a positive energy release rate for crack propagation. If the dielectric constant of the crack is treated as zero, the release rate can be expressed in a compact form in terms of the four intensity factors. In this case the curves of the full Gibbs energy release rate versus the applied electric field strength are concave, while the electric enthalpy energy release rate versus the applied electric field strength are convex. For a given full Gibbs energy release rate, a positive electric field strength reduces the applied stress and a negative electric field increases it. Similar results are obtained for adiabatic cracking.
